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The foundations of the theory of stochastically heterogeneous solids 
were 1aid a long time ago by Voigt [1s who developed a meth0d for 
determining the macroscopic parameters of polycrystalline materials 
by averaging the appropriate crystallite parameters with respect to 
orientations. Lifshits and Rozentzveig [2] showed that it was necessary 
to consider the correlation properties of the field in computations of 
macroscopic parameters. They calculated the first corrections for the 
averaged elastic constants of polycrystallites for the case of cubic and 
hexagonal crystallites, Assuming a low degree of heterogeneity, these 
authors used an approximation which corresponds to the Born approxi- 
mation in the theory of scattering [3], This method and its modifi- 
cations were subsequently used by several authors for the computation 
of macroscopic parameters of polycrystallites [4- 6] and of other 
mieroheterogeneous materials [83. 
Moreover, the assumption of a lo~w degree of heterogeneity of the 
properties is very restrictive. It precludes use of the method in the 
case of maeroscopically isotropicpolyerystallites formed from essen- 
tially anisotropic crystallite stochastically glass reinforced plastics, and 
similar microheterogeneous materials. This rises the problem of 
developing procedures that could be applied in casesof a high degree 
of heterogeneity. This problem presents serious analytical difficulties, 
however. It is sufficient to point out that even computation of the 
second approximation ( i .e . ,  the one following the Born approximation) 
has not yet been completed. Analogous problems in the classical and 
quantum theories of scattering are also, as a rule, considered only in 
the Born approximation. More complicated methods (e. g. ,  Feyman's 
method) make possible only partial summation of infinite sequences 
in which the result is obtained. A method analogous to that of a self- 
consistent field in quantum mechanics [9, 1O] is promising; however, 
this method is approximate and the magnitude of its error has not yet 
been estimated. 

The possibility of accurate determination of mascroscopic parameters 
for certain classes of mieroheterogeneons media was demostrated 
in [11], in which a detailed analysis was presented of parameters 
forming a second order tensor and characterizing the distribution 
in the medium of a certain scalar value obeying an equation similar 
to the steady-state heat-conduction equation. Accurate formulas for 
macroscopic coefficients of thermal conductivity (diffusion) were 
derived for the case of a strongly anisotropie medium and for that of 
a medium with a high degree of transverse isotropy. We made a 
comparison with various approximate methods and evaluated their 
degree of error. This article describes an accurate method of com- 
puting macroscopic elastic constants for polyerystalline media with a 
high degree of anisotropy; for the case of potyerystals with a cubic 
structure [12] the error margin and range of application of approximate 
methods are estimated. 

g i .  C o n s i d e r  a h e t e r o g e n e o u s  e l a s t i e  m e d i u m  in a 

s t a t e  of e q u i l i b r i u m  in the  a b s e n c e  of v o l u m e  f o r c e s .  

The  d i s p l a c e m e n t  v e c t o r  u j ( r ) ,  w h e r e  r = (xi, x 2, and  
xB), s a t i s f i e s  e q u a t i o n s  

o fa Ouz \ /,~m~ ~ / =  0 (i. i) 

( h e r e  and  h e n c e f o r t h  a c o n v e n t i o n  abou t  s u m m a t i o n  in 

: r e s p e c t  to " d u m m y "  s u b s c r i p t s  i s  u s e d ) .  T h e  c o o l -  
f i c i e n t s  Xjk l m  d e f i n e  a t  e a c h  p o i n t  of t he  f i e l d  a 

c e r t a i n  f o u r t h - o r d e r  t e n s o r ,  i . e . ,  a t e n s o r  of e l a s t i c  

c o n s t a n t s .  If i t  i s  a s s u m e d  tha t  t he  s o l i d  has  a r a n d o m  

g n i c r o s t r n c t u r e ,  the  c o e f f i c i e n t s  X j k l m ( r )  f o r m  a 

r a n d o m  t e n s o r  f i e ld .  The  d i m e n s i o n s  of t he  s o l i d  a r e  

assumed to be large enough ( in comparison with the 
scales of heterogeneity and correlation) to rate as 
infinite. At the same time the field Xjk/m(r ) is as- 

sumed to be homogeneous and ergodic. Let 'us represent 

the field kjk/re(r) in the form 

Xi~z'~ = k3s + 'kJ~'~ (1 .2 )  

w h e r e  X j k l m  = @jk l m )  d e n o t e s  t he  m a t h e m a t i c a l  

expectation of the tensor; ( the angular brackets de- 

note an operation of averaging in respect to a set of 

parameters which in this case coincides with the 
operation of averaging in respect to space). In [2.5] 
the fluctuation components X"jk lm was introduced only 

with a small parameter. In [6, 8], where a correlation 
method was used, only pair interactions were taken 
into account. In the final analysis, this is equivalent 
to assuming a small magnitude of fluctuation compo- 
nents. No such limitation is introduced in our work. 

Let us formulate supplementary stochastic condi- 
tions corresponding to Eq. (i. i). Let the solid be in 
a macroscopically homogeneous stress-strain state. 

We can stipulate that either the mathematical expec- 
:rations of the stresses or the mathematical expecta- 

tions of the strains must be equal to prescribed 

values. Let us choose the latter method for setting 
the supplementary conditions. For certain reasons 
it is preferable to define the mathematical expecta- 

tions Pjk of the displacement gradient 

<au/Oxk> = p j~ .  

:The p r o b l e m  i s  to f ind  the  p r o b a b i l i t y  c h a r a c -  

t e r i s t i c s  of t he  f i e l d  u j ( r )  w h i c h  s a t i s f i e s  Eq. (1 .1 )  and 

c o n d i t i o n s  (1 .3) ,  and to  c o m p u t e  the  t e n s o r  of e l a s t i c  

c o n s t a n t s  X~k/m f o r  an  e q u i v a l e n t  q u a s i h o m o g e n e o u s  

m e d i u m .  T h i s  t e n s o r  c a n  be d e t e r m i n e d  f r o m  the  c o n -  

d i t i on  of eq u a l i t y  of the  m a t h e m a t i c a l  e x p e c t a t i o n s  of 

t he  s t r e s s e s  in a m i c r o h e t e r o g e n e o u s  m e d i u m  and 

f r o m  the  c o r r e s p o n d i n g  s t r e s s e s  in the  e q u i v a l e n t  
m e d i u m  

= jkim Plm.  
(i.4) 

Let us introduce the Green's tensor Gjk (r, ri) for a 
homogeneous medium with the elas.ticity constants 
k'jk/m as the solution of a tensor equation 

~ t b ,  02Gtn (r, rt)/OxkOx,~ = ---: 6i~5.(r --- h )  �9 ( i .  5) 

Wi th  the  a id  of t h i s  t e n s o r  i t  i s  e a s y  to w r i t e  a 

t e n s o r  i n t e g r a l  e q u a t i o n  e q u i v a l e n t  to (1 .1)  and (1 .3) :  

Ouj (r) (' O~ (~) Oun (r + ~) 

P = (~x, ~ ,  ~s), dp = d~d~2d~3 (1.6) 
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The so lu t ion  of Eq. (1.6)  is  obta ined by i t e ra t ion :  

Ou~ (r) co ~' 

xc~ (.~) x$~,~,~, (r + ~0... 
�9 " " " O ~ N O ~ N  

. . .  ~Lv~SN~m (r + ~i -[- ..- + ~/V) d~l ... d~N. (1.7)  

With  f o r m u l a  (1.7)  we f o r m u l a t e  e x p r e s s i o n s  fo r  
the  m a t h e m a t i c a l  expec ta t ions  of the  s t r e s s e s :  

co  

f i o~,,, / " ' "  o ~  a~, " " " 
1 

� 9  O~ O~ N 

. . . k ? ~ S N s l ( ~ l - ~ . . . - ~ N )  > d p ~ . . . d ~ .  (1.8)  

Hence,  in a c c o r d a n c e  with (1.4) ,  we find the t e n s o r  
of m a c r o s c o p i c  e l a s t i c i t y  cons tan t s  

c o  

. . .  0~ 0~ N 

�9 . .  i'/'N~V~ (~i + ... + ~N)) dlh-. 'dl~/v - (1.9) 

Subsequent ly  (1.9)  w i l l  be wr i t t en  as:  

whe re  k jk  I m  is  a so lu t ion  of a t e n s o r  i n t e g r a l  equat ion  

X~ (r) = (i. ii) 

( O"~G~ (.:) , ,  
= X~ ~,~ (r) j o~o~ [ ;%~ (r + ~) + ~ ' ~  (r + ~)} @. 

In fact ,  so lv ing  Eq. (1.11)  by the i t e r a t i o n  method 
and us ing  the o p e r a t i o n  of m a t h e m a t i c a l  expec ta t ion ,  
we obtain a s e r i e s  which a p p e a r s  in the r i g h t - h a n d  
s ide  of (1.9) .  

w If in the r i g h t - h a n d  s ide  of (1.9)  only one t e r m  
(N = 1) is  r e t a ined ,  we obta in  a f o r m u l a  fo r  the Born  
a p p r o x i m a t i o n  [2]. The p r o b l e m  is  to compute  the 
g e n e r a l  t e r m  of s e r i e s  (1.9)  and to p e r f o r m  fac tua l  
summat ion .  In the g e n e r a l  e a s e  th is  p r o b l e m  is  ap -  
p r e n t l y  inso luble .  Let  us t h e r e f o r e  n a r r o w  the c l a s s  
of r a n d o m  f i e ld s  and c o n s i d e r  only the highly i s o t r o p i c  
f i e lds  d e t e r m i n e d  in [1]. A r a n d o m  f ie ld  of cons tan t s  
2, jk/re(r)  wi l l  be  t e r m e d  highly  i s o t r o p i e  if the c o r r e -  

** 
la t ion  funct ions  of the t e n s o r  ~ j k / m  (r) '  which c o r r e -  
sponds  to th i s  f i e ld ,  f o r m  an i s o t r o p i c  f ie ld .  The re  
a r e  g rounds  to expec t  that  a m e d i u m  with a high d e g r e e  
of i s o t r o p i c  of e l a s t i c  p r o p e r t i e s  is  a s a t i s f a c t o r y  
mode l  for  d e s c r i b i n g  e l a s t i c  s t r a i n s  in r e a l  i s o t r o p i c  
p o l y c r y s t a l l i t e s .  

In the ea se  of an i s o t r o p i c  f i e ld  

~j~ = ;%6s~6~ + ~o (6stS~ + 6s~6~). (2 .1)  

w h e r e  ~0 and #0 a r e  the a p p r o p r i a t e  Lam~ coef f ic ien t s ;  
The G r e e n ' s  t e n s o r  Gjk(r ,  r~) is  a funct ion of the 

modulus  of the d i s t ance  be tween  the poin ts  p = I r - r a  I; 
in addi t ion  

( ~  ~ xp ~, (2.2) 

I ~0+tt0 _ l (2.3)  
g - -  5 ~o+2~0 i0(l--vo) 

H e r e  v 0 is the P o i s s o n  r a t i o  c o r r e s p o n d i n g  to the 
t e n s o r  X ' jk / in .  

In the c a s e  of a s t rong ly  i so t rop i c  p o l y c r y s t a l s  
the c o r r e l a t i o n  t e n s o r  fo r  X"jk I m  a lso  depend only 
on the modul i  of the d i s t a n c e s  be tween  points .  In 
p a r t i c u l a r ,  

= q~, ,~ , . . .~N~ (p). (2.4)  

The t e n s o r  7~.**. has  an analogous  p r o p e r t y .  To ]K t m  
f a c i l i t a t e  subsequent  ca lcu la t ions  we in t roduce  the 
nota t ion  

< ~ L , ~ ,  (,') ... ~ _ ,  ~ _ , ~  (~) ~ m  (~ + ~)> = 

= ~ , ~  ..... ~ , ~  (p). (2.5)  

W i t h  (1.10) and Eq. (1.11)  we find m a c r o s c o p i c  
e l a s t i c  cons tan t s .  Ave rag ing  Eq. (1.11)  and tak ing  in-  
to account  nota t ion  (2.4)  and (2.5),  we obta in  an equa-  
t ion fo r  the c o r r e l a t i o n  c o r r e c t i o n  of the a v e r a g e d  

t e n s o r  k j k / m :  

02G ~v (~) 
= ~ ~ [ ~ . ~ , ,  (p) + ~ , ~  (p)] dp. (2.6) 

We subs t i tu t e  (2.2)  into (2.6).  Noting that  

i 

+ ~6~)  + %(~,~b~ + ~ + ~,~-, + 

and in t eg ra t ing  by p a r t s ,  we obtain 

i 

I 

0 0 o  

f6 f 3 ~  
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Direc t  ca lcu la t ions  show that the t r ip l e  in teg ra l  

van ishes .  
Hence 

* *  1 <L~t,~> = - -  /,~ F~ {(1 - -  2g) [(p~e:~z~ (0) + 

+ ~ p ~ . ~  ( 0 ) ] -  g [ ~ . ~  (0) + %~=.:~.. (0)] } 
(2.7) 

On the r igh t -hand  side of (2.7) the re  appears  a 
mixed c o r r e l a t i o n  t e n s o r  of type (2.5).  To d e t e r m i n e  
this  t e n s o r  we again use  Eq. (1.11). Repeat ing the 
ca lcu la t ions  de sc r i bed  above, we obtain the f inal  
fo rmula  

oo 

= x3~,,~ + ~o ( ~ , ~  + ~ , )  + E zJ~,~, (2.8) 
N : I  

in which the gene ra l  t e r m  of the s e r i e s  I ~ m  is ex- 
p r e s s e d  as follows: 

I~N) j k l m  

= (~ /~ )~  <X~,~,;~,~,~,~,X~:~,=.~, ;~,~,~,~:... X ~ ' ~ > .  (2 .9 )  

Here ~afl~6 denotes  an i so t ropic  tensor :  

~ = (1 - -  2g) 6 = ~  - -  g6~br~. (2.10) 

~3. Let us apply fo rmu la s  (2.8) and (2 .9 )  to a 
s t rongly  i so t ropic  po lycrys ta l .  Its local  e las t ic i ty  con-  
s tan ts  a r e  given by a f o rmu la  

~ j k l m  = C j e ~ C l f ~ C l z C n ' ~ V ~  ' 

(3.1) 
where  # j k l m  is the t enso r  of e l a s t i c i ty  cons tan t s  of a 

c rys taHi te ,  r e f e r r e d  to the c rys t a l log raph ic  axes,  and 
cjc ~ denotes the conve r s ion  ma t r ix  for  changing over  
f rom the c rys t a l log raph ic  axes to a l abo ra to ry  sys t em of 
coord ina tes .  The components  hjk lm lose d i scon t inu i t i e s  
at g r a i n  boundar ies .  As a r e s u l t ,  e l a s t i c i ty  cons tan ts ,  
d i sp l acemen t s ,  s t r e s s e s ,  etc.  in Eq. (1.1) and subsequent  
quent f o r m u l a s  mus t  be t rea ted  as gene ra l i zed  funct ions .  
However,  the f inal  fo rmulas  (2.8) and (2.9) exp res s  the 
mac roscop ic  e las t ic  cons tan t s  through s ing le -po in t  
c o r r e l a t i o n  t e n s o r s  and do not contain opera t ions  over  
gene ra l i zed  funct ions.  

We in t roduce the notat ion P"jk l m = / ~ j k  l m - Y  ' j k l m  
Then, by analogy with (3.1), 

~v~,~ = c ~ c ~ c ~ c , ~  . ( 3 . 2 )  

We subs t i tu te  f o rmu la  (3.2) into the r igh t -hand  s ide of 
(2.9).  Noting that 

" ' "  Cmva_N+4 ) ~v:'  . . . . . . .  " " "  ~v4N§ 

we t r a n s f o r m  fo rmula  (2.9) to 

I(.~) = 

= ( - -  1/3~1)N <cjv,c~c~N+3c'~4N+~> ~ ' i w , ~  ......... "" 

We calcula te  f o u r t h - o r d e r  mome n t s  f rom e l emen t s  
of the conver s ion  ma t r ix  cj ~. In the case  of equal ly 
p robab le  c r y s t a l l i t e  o r ien ta t ions  we have 

(here a ~ b; no summat ion  is  done in r e spe c t  to the 
subsc r ip t s  a a n d  b ) . F o r m u l a  (2.8) for  macroscop ic  
e las t ic  constants  is reduced to the fo rm 

where  X, a n d p ,  a re  mic roscop ic  Lame coeff icients;  

co  

~,, = %o + - -  31~0/ " 
=1_ 

.. ~,~+t~+2~42v+3~4N+ ~ (3.4) 

~, = Vto + ~ = - -  T o )  [ - -  26~,, ,o6~+~§ + 

�9 . . ~s247 �9 

F o r m u l a s  (3.4) can be r ewr i t t en  in a more  compact  
fo rm 

~, = L0 - -  ~/~ (2X=~,~ - -  X ~ ) ,  

~, = N0 - -  ~/3o (3%~=e - -  %~e~). 
(3.5) 

Here X = Xjk lm is a f o u r t h - o r d e r  t e n s o r a s s o c i a t e d  

with the t enso r  #" = #" jk lm by the fo rmula  

oo 

~ = - - ~ - - x  ( -  + ) ' ~  A~vF" " (3.6) 

In ths case A is a l i nea r  opera to r  over f o u r t h - o r d e r  
t enso r s  which is defined as follows: a = Ab, if 

a~ , ,  = lxo ~ ~ t ~ b ~ , , .  (3.7) 

It i s  easy to see that there  is a solut ion of an 
opera tor  equat ion in the r igh t -hand  side of (3.6): 

X + 1/~ AX = ~/3 At~" (3 .8)  

Equat ion (3.8) r e p r e s e n t s  a sys t em of l i nea r  a lge-  
bra ic  equat ions r e l a t ive  to the e l emen t s  of the t ensor  
X = X jk/m" The n u m b e r  of equat ions fo rming  this 
sys tefn  depends on the c rys ta l log raph ic  c lass  of a 
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Ag 
A1 
Au 
Cu 
Pb 

Elastic constants of crystallites Shear modulus of  a polycrystal 

cn c~ c~, (t) 

9.34 
6.t3 

t5.70 
t2.14 
3.92 

12.40 
10.82 
18,60 
t6.84 
4.66 

(2) (3) (4) 

4.61 3.02 
2.85 2.63 
4.20 2.81 
7.54 4.83 
1.44 0.87 

3.38 3.07 2.55 
2.64 2.63 2.62 
3.10 2.84 2.41 
5.47 4.9t 4.00 
1.0t 0.89 0.67 

(1) exact solution, (2) Voigt averaging (3) Born approximation, and (4) Reiss averaging. 

g i v e n  c r y s t a l l i t e .  Th i s  n u m b e r  is  e q u a l  to  t h r e e  in  the  

c a s e  of a cub ic  s t r u c t u r e ,  to  s ix  in t he  c a s e  of a h e x a g o n a l  

s t r u c t u r e ,  e tc .  F o r m u l a s  (3 .5 )  and (3 .8 )  g ive  an 

e x a c t  s o l u t i o n  of t he  p r o b l e m .  We ob t a in  a p p r o x i m a t e  

s o l u t i o n  c o r r e s p o n d i n g  to the  B o r n  a p p r o x i m a t i o n  by 

r e t a i n i n g  in ( 3 . 6 )  t he  f i r s t  t e r m  of the s e r i e s  o r ,  and 

t h i s  t he  s a m e ,  by r e p l a c i n g  Eq.  (3 .8 )  w i t h  an a p p r o x i -  

m a t i o n  r e l a t i o n  X ~ 1 / 3  A#".  It wi l l  be  s e e n  t h a t  t he  

f i n a l  e x a c t  f o r m u l a s  a r e  not  v e r y  m u c h  m o r e  c o m p l e x  

t h a n  the  a p p r o x i m a t e f o r m u l a s .  

w As a most simple example let us consider a polycrystal with a 
cubic structure. Changing over, as is usual, to matrix notation, we 
reduce subscripts: 11 -+ 1, 22 ---~ 2,33 ~ 3,12 ~ 4, 23 ~ 5, and 
and 31 "+ 6. The matrix of elastic constants for the crystallite contains 
three different elements which are not equal to zero: 

[ Mu Mlo~ Mlu 0 0 0 

Mu Mn 0 0 0 
Mn 0 0 0 

~t= M~ 0 0 

M44 0 

Mt~ (4.1) 

Lam% coefficients averaged by the Voigt method are given by 

~.0 = 1/~ (M n + 4M12 -- 2M~), 

~0 = 1 /5  ( M n  - -  Mx~ -b 3M44 ) �9 

Formulas (3.5) become 

)~, : 3.o -- 1/s (Xu + 4X12 -- 2X44), 

(4. 2) 

~. = ~o -- I/5 (Xn -- 222 + 3244). (4.3) 

The solution of gqs. (3.8)for the case of matric (4.1)of elastic 
constants will be 

6Zo7 3Zo'~ 2Xo"; 
Xn-- t_~3 T' Xr- '=--14_3y,  % ~ = ~ '  

Zo = 1/5 ( M n  - -  M12 - -  2M4~), 7 = 2/8 Xop0 -1 (1 -- 2g), (4. 4) 

where g is determined from (2.3). The Born approximation formula, 
first derived in [2], has the same form (4.3); however, • = 6Xo y, 
.Xlz = 3Xn7 and X44 = 2Xo 7. 

To compare the results yielded by different methods, me values 
of elastic constants (4.2) from [2] are cited in the first three columns 
of a table; the next columns shows values of the macroscopic shear 
modulus calculated from exact formulas (4. e) and (4.4) from the Voigt 
method, from the Born approximation formulas, and from the Reiss 
method which yields a lower limit for the elasticity constants. To 
express the elasticity constants in newtons/m a the values cited in the 
table should be multiplied by 10 t~ In the example considered the de- 
gree of crystallite anisotropy is not excessive; consequently, the Born 

approximation gives quite accurate results. In the case of a cubic 
structure the macroscopic volume modulus coincides exactly with 
vlaues averaged by the Voigt or_Reiss methods as a result, another 
Lame" elastic constant y = K - (2/3)g is less affected by the method 
of calculation than the shear modulus. 
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